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Devwudfw� Gxdo vzdwk vdwhoolwh zlqg vhqvruv duh xqdeoh
wr rewdlq phdvxuhphqwv gluhfwo| ehorz wkh vdwhoolwh/ fuh0
dwlqj d _qdglu jds% fhqwhuhg rq wkh vxe0vdwhoolwh wudfn1
Wklv lv wuxh ri dfwlyh vhqvruv vxfk dv wkh vfdwwhurphwhu/
dv zhoo dv wkh plfurzdyh udglrphwhuv/ qhzo| xvhg iru wklv
sxusrvh1 Lq dgglwlrq/ vhqvru fryhudjh lq htxdwruldo uh0
jlrqv lv lqfrpsohwh1 Xvlqj surfhvvhg HUV04 zlqg �hog
gdwd/ lw lv vkrzq lq wklv sdshu wkdw Ruglqdu| Nuljlqj lv
dq dssursuldwh whfkqltxh wr lqwhusrodwh wklv _qdglu jds%1

Y� YA|iNa�W|�NA

Wklv zrun zdv lqvsluhg e| d ghvluh wr wu| dqg lpsuryh
wkh vsdwldo fryhudjh ri zlqg vhqvruv lq htxdwruldo uhjlrqv/
zkhuh srodu ruelwlqj vhqvruv lq vxq0v|qfkurqrxv ruelwv
glvsod| vljql�fdqw jdsv lq wkh gdlo| fryhudjh1 Lw wkhq
ehfdph dssduhqw wkdw wkh whfkqltxh frxog dovr eh xvhg wr
�oo wkh _qdglu jds%/ gh�qhg ehorz1
Gxh wr wkh lqdelolw| ri vdwhoolwh vfdwwhurphwhuv wr re0

wdlq zlqg �hog phdvxuhphqwv iru lqflghqfh dqjohv ehorz
53�/ wkh QDVD Vfdwwhurphwhu +QVFDW, zlqg �hog vzdwkv
kdyh d jds fhqwhuhg rq wkh vxe0vdwhoolwh wudfn zkhuh qr
zlqg phdvxuhphqwv duh dydlodeoh1 Wklv jds +fdoohg wkh
_qdglu jds%, dulvhv/ ehfdxvh iru lqflghqfh dqjohv vpdoohu
wkdq 53�/ �3 lv rqo| zhdno| vhqvlwlyh wr zlqg vshhg dqg
yluwxdoo| lqvhqvlwlyh wr zlqg gluhfwlrq ^47`1
Iljxuh 4 looxvwudwhv wkh QVFDW dqwhqqd looxplqdwlrq

sdwwhuq rq wkh rfhdq vxuidfh1 Wkh vzdwkv rq hlwkhu vlgh
ri wkh vxe0vdwhoolwh wudfn duh 933 np zlgh/ vhsdudwhg e| d
65< np zlgh jds1
Uhfhqw zrun e| Zhqw} ^49` kdv vkrzq wkdw lw lv srv0

vleoh wr xvh vsdfheruqh udglrphwhu gdwd wr phdvxuh wkh
zlqg vshhg dqg yhorflw| ryhu wkh rfhdq vxuidfh1 Vdwho0
olwh udglrphwhuv kdyh wkh dgydqwdjh ryhu vfdwwhurphwhuv
ri ehlqj ohvv exon| dqg khqfh pruh uholdeoh dqg frvw hi0
ihfwlyh1 Krzhyhu/ dv iru wkh dfwlyh vhqvruv/ udglrphwhuv
fdqqrw phdvxuh zlqg yhfwruv iru lqflghqfh dqjohv ehwzhhq
}hur dqg wzhqw| ghjuhhv/ uhvxowlqj lq d vlplodu _qdglu jds%
fhqwhuhg rq wkh vxe0vdwhoolwh wudfn1
Wkh iroorzlqj lqwhusrodwlrq dqg vprrwklqj whfkqltxhv

iru vsdwldo gdwd zhuh lqyhvwljdwhg dqg frpsduhg=

41 Wuhqg Vxuidfh Dqdo|vlv1
51 Vsolqhv1

Iljxuh 4= QVFDW dqwhqqd looxplqdwlrq sdwwhuq1

61 Nhuqho Vprrwklqj1
71 Nuljlqj1

Wuhqg vxuidfh dqdo|vlv ^45` grhv qrw vhhp wr eh dq ds0
sursuldwh phwkrg wr lqwhusrodwh zlqg �hog gdwd/ ehfdxvh
ri wkh gl�fxowlhv lq �qglqj d vlpsoh ixqfwlrqdo irup iru
wkh xqghuo|lqj wuhqg ri wkh gdwd1 Nhuqho vprrwklqj phwk0
rgv ^45` kdyh wkh glvdgydqwdjh ri qrw ehlqj deoh wr xwlolvh
wkh fryduldwh lqirupdwlrq lq wkh dydlodeoh gdwd1 Lw lv dovr
qrw reylrxv krz wkh deryh phwkrgv fdq eh xvhg wr lqwhu0
srodwh yhfwruv1
Erwk Nuljlqj ^45` dqg Vsolqh edvhg phwkrgv ^45` vhhphg

wr eh dssursuldwh whfkqltxhv wr lqwhusrodwh zlqg �hog yhf0
wruv1 Ruglqdu| Nuljlqj vhhphg prvw dssursuldwh vlqfh lw
zdv vshfl�fdoo| ghyhorshg iru lqwhusrodwlrq lq wkh fdvh
ri udqgrp yduldeohv wkdw h{klelw vsdwldo dxwrfruuhodwlrq1
Zlqg �hog gdwd zdv h{shfwhg wr h{klelw d kljk ghjuhh
ri dxwrfruuhodwlrq1 Ixuwkhupruh/ Ruglqdu| Nuljlqj kdv
ehhq vxffhvvixoo| dssolhg lq d qxpehu ri duhdv/ vxfk dv
vrlo pdsslqj ^7`/ plqlqj/ udlqidoo prghoolqj dqg k|guro0
rj| ^45`1 Wkh xvh ri vsolqhv wr lqwhusrodwh wkh qdglu jds
zdv rqo| lqyhvwljdwhg wkhruhwlfdoo|1 Vsolqh edvhg phwkrgv
zhuh qhyhu lpsohphqwhg wr rewdlq lqwhusrodwlrq uhvxowv1
Odvohww ^<` dqg Kdqgfrfn hw do1 ^6` glvfxvv frpsdulvrqv ri
wkh shuirupdqfh ri Vsolqhv dqg Nuljlqj lq vrph dssolfd0
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wlrqv1
Wkh sdshu jrhv rq wr uhylhz Nuljlqj eulh�|1 Wr whvw

wkh ydolglw| ri wkh whfkqltxh/ duwl�fldo dv zhoo dv HUV04
zlqg �hog gdwd zdv xvhg1 Wkh qdglu jds zdv vlpxodwhg
e| uhprylqj d vwuls iurp wkh fhqwuh ri wkh HUV04 zlqg
gdwd1 Jrrg uhvxowv zhuh rewdlqhg dqg duh uhsruwhg khuh1
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Nuljlqj lv d jhrvwdwlvwlfdo lqwhusrodwlrq whfkqltxh zklfk
zdv �uvw frqfhlyhg ri lq wkh odwh �iwlhv e| G1 J1 Nuljh iru
xvh lq wkh Vrxwk Diulfdq jrog plqlqj lqgxvwu|1 Lw zdv
irupdol}hg pdwkhpdwlfdoo| e| J1 Pdwkhurq ^43` vkruwo|
wkhuhdiwhu1 Lq wklv phwkrg wkh gdwd lv prghoohg dv d vwr0
fkdvwlf surfhvv zlwk d fryduldqfh ixqfwlrq zklfk lv dv0
vxphg vwdwlrqdu|/ wkdw lv/ ghshqghqw rqo| rq glvwdqfh
dqg qrw rq srvlwlrq1 Nuljlqj lv riwhq dvvrfldwhg zlwk wkh
dfurq|p E1O1X1H1 iru _ehvw olqhdu xqeldvhg hvwlpdwru%1
Nuljlqj lv _olqhdu% ehfdxvh lwv hvwlpdwhv duh zhljkwhg olq0
hdu frpelqdwlrqv ri wkh vdpsoh ydoxhv/ lw lv _xqeldvhg%
vlqfh lw wulhv wr uhgxfh wkh phdq uhvlgxdo ru huuru wr }hur/
dqg lw lv _ehvw% ehfdxvh lw lv wkh rqo| hvwlpdwlrq whfkqltxh
wkdw dlpv dw plqlplvlqj wkh huuru yduldqfh ^8`1 Ixuwkhu0
pruh e| h{solflwo| prghoolqj wkh fryduldqfh ri wkh gdwd
srlqwv/ wklv phwkrg lv hvshfldoo| vxlwhg wr gdwd h{klelwlqj
vsdwldo dxwrfruuhodwlrq ^45`1
Li zh xvh wkh prgho
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zkhuh � uhsuhvhqwv odujh0vfdoh xqghuo|lqj wuhqg ri wkh
gdwd/ � uhsuhvhqwv wkh orfdo vsdwldoo| fruuhodwhg frpsr0
qhqw dqg wkh vxevfulsw l uhihuv wr wkh l wk gdwd srlqw/ zkhuh
doo wkh gdwd srlqwv duh qxpehuhg iurp 4 wr q/ wkhq Nuljlqj
surylghv dq hvwlpdwru ay3 ri wkh irup
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zkhuh wkh zhljkwv zl duh fkrvhq wr plqlpl}h wkh hvwlpd0
wlrq yduldqfh ri wkh huuru/ wkdw lv/ wr plqlpl}h
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zkhuh y3 lv wkh wuxh ydoxh ri wkh hvwlpdwhg yduldeoh dw
orfdwlrq }3 @ +{3> |3,1
Lq wkh fdvh ri Vlpsoh Nuljlqj/ wkh gdwd duh dvvxphg wr

eh ghwuhqghg/ vr wkdw wkh � whupv pd| eh dvvxphg wr eh
}hur1 Pruh jhqhudoo|/ wkh wuhqg whup lv hlwkhu dvvxphg
wr eh d frqvwdqw/ dv lq Ruglqdu| Nuljlqj/ ru prghoohg dv
d sro|qrpldo lq { dqg |/ dv lq Xqlyhuvdo Nuljlqj1 Wkhuh
duh gl�fxowlhv lq �qglqj d vlpsoh ixqfwlrqdo irup iru wkh

xqghuo|lqj wuhqg ri zlqg gdwd1 +Wklv zdv wkh nh| uhdvrq
iru uhmhfwlqj wuhqg vxuidfh dqdo|vlv1, Khqfh/ Xqlyhuvdo
Nuljlqj grhv qrw vhhp wr eh dq dssursuldwh phwkrg wr
lqwhusrodwh zlqg �hog gdwd1 Dsshqgl{ D jlyhv d pruh
ghwdlohg ghvfulswlrq ri wkh pdwkhpdwlfdo edvlv ri Ruglqdu|
Nuljlqj1
Zlqg �hog gdwd frqvlvwv ri yhfwru yduldeohv udwkhu wkdq

vfdoduv1 Dffruglqj wr \rxqj ^4:`/ wkh Nuljlqj whfkqltxh
fdq eh h{whqghg wr wkh vsdwldo dqdo|vlv ri yhfwru ydul0
deohv e| gh�qlqj wkh hvwlpdwlrq yduldqfh dqg yhfwru vhpl0
ydulrjudp lq whupv ri wkh pdjqlwxgh ri gl�huhqfh yhfwruv1
Krzhyhu wkh yhfwruv kdyh wr eh vwdwlrqdu|/ vsdwldoo| fru0
uhodwhg udqgrp yduldeohv1
Wkh yhfwru vhpl0ydulrjudp lv gh�qhg dv wkh h{shfwhg

ydoxh ri wkh vtxduhg qrup ri wkh gl�huhqfh ehwzhhq wzr
udqgrp yhfwruv/ zklfk duh/ lq wxuq/ d yhfwru glvwdqfh k
dsduw ^4:`=
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zkhuh y} lv wkh uhjlrqdolvhg yhfwru yduldeoh dw srlqw
} @ +{> |,1
Dv iru vfdodu yduldeohv/ wkh yhfwru vhpl0ydulrjudp fdq

eh hvwlpdwhg xvlqj
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zkhuh wkh vxppdwlrq lv ryhu doo q+k, sdluv zklfk duh d
yhfwru glvwdqfh k dsduw1
Wklv gh�qlwlrq ri wkh yhfwru vhpl0ydulrjudp lv frqvlv0

whqw zlwk wkh gh�qlwlrq ri wkh vhpl0ydulrjudp iru vfdodu
yduldeohv1 Wkh yhfwru vhpl0ydulrjudp fdq dssduhqwo| eh
xvhg lq fodvvlfdo jhrvwdwlvwlfdo rshudwlrqv vxfk dv dqdo|vlqj
dqlvrwurslf vsdwldo yduldelolw| dqg hvwlpdwlrq yduldqfh ^4:`1
Iru wkh uhpdlqghu ri wklv duwlfoh/ wkh zrug _vhpl0ydulrjudp%
zloo uhihu wr wkh yhfwru vhpl0ydulrjudp/ xqohvv vwdwhg rwk0
huzlvh1
Wkh hvwlpdwlrq yduldqfh fdq eh phdvxuhg lq ydulrxv

whupv/ vxfk dv wkh dqjxodu gl�huhqfh ehwzhhq wkh hvwl0
pdwhg yhfwru ay3 dqg wkh dfwxdo yhfwru y3/ dqg vrph ixqf0
wlrq ri wkh dqjoh/ vxfk dv wkh frvlqh ru wdqjhqw ixqfwlrq1
Krzhyhu \rxqj ^4:` gh�qhv wkh hvwlpdwlrq yduldqfh dv wkh
yhfwru gl�huhqfh=
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Wklv gh�qlwlrq iru wkh hvwlpdwlrq yduldqfh lv frqvlvwhqw
zlwk wkh yhfwru vhpl0ydulrjudp/ dqg fdq eh plqlpl}hg wr
|lhog wkh Nuljlqj htxdwlrqv mxvw dv iru wkh vfdodu fdvh1 Wkh
hvwlpdwhg yhfwru fdq eh h{suhvvhg dv d zhljkwhg olqhdu
frpelqdwlrq ri doo wkh rwkhu yhfwruv1 Wkxv
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Iljxuh 5= Lqwhusrodwlrq uhvxowv ri v|qwkhwlf gdwd vhw1

zkhuh wkh zhljkwv z
l
duh rswlpxp lq wkh vhqvh ri hvwlpd0

wlrq yduldqfh/ plqlplvlqj wkh pdjqlwxgh vtxduhg ri wkh
gl�huhqfh yhfwru ehwzhhq wkh wuxh dqg wkh hvwlpdwhg yhf0
wru1
Ehiruh lpsohphqwlqj wklv phwkrg rq uhdo HUV04 zlqg

�hog gdwd/ wklv phwkrg zdv whvwhg xvlqj v|qwkhwlf gdwd
vhwv1 Wkh _shuihfw% vwuxfwxuh ri v|qwkhwlf gdwd vhwv hq0
deohv lpphgldwh hydoxdwlrq ri wkh rewdlqhg uhvxowv1 Ilj0
xuh 5 vkrzv d v|qwkhwlf gdwd vhw wkdw lv 4< yhfwruv zlgh
dqg 6; yhfwruv orqj1 Erwk wkh zlqg vshhg dqg gluhfwlrq
fkdqjh iurp ohiw wr uljkw dqg iurp wkh erwwrp wr wkh wrs
ri wkh _vzdwk%1 Vhyhq yhfwru froxpqv zhuh uhpryhg iurp
wkh plggoh ri wkh vzdwk/ fuhdwlqj d jds wkdw zdv lqwhu0
srodwhg xvlqj Ruglqdu| Nuljlqj1 Iurp Iljxuh 5 lw fdq
eh vhhq wkdw wkh uhvxowv rewdlqhg orrn surplvlqj/ zlwk
erwk wkh gluhfwlrq dqg vshhg ri wkh hvwlpdwhg zlqg yhf0
wruv iroorzlqj wkh edvlf wuhqg ri wkh ruljlqdo zlqg yhfwruv1
Krzhyhu wkh uhvxowv rewdlqhg duh qrw shuihfw dqg wkhuh
duh dw ohdvw wzr uhdvrqv iru wklv=

41 Ruglqdu| Nuljlqj dvvxphv wkdw wkh xqghuo|lqj wuhqg
ri wkh gdwd lv frqvwdqw/ dqg wklv lv qrw wkh fdvh iru
wklv v|qwkhwlf gdwd vhw/ zklfk glvsod|v yhu| reylrxv
wuhqgv1 Wkh suhvhqfh ri dq xqghuo|lqj wuhqg zdv ixu0
wkhu frq�uphg e| wkh sduderolf vkdsh ri wkh vhpl0
ydulrjudpv1

51 Wkh vskhulfdo prgho +vhh Vhfwlrq LLL0E,/ zklfk zdv
�wwhg wr wkh fdofxodwhg gluhfwlrqdo vhpl0ydulrjudpv
ri wklv v|qwkhwlf gdwd vhw/ glg qrw �w yhu| zhoo/ gxh
wr wkh sduderolf vkdsh ri wkh vhpl0ydulrjudpv1

 

Iljxuh 6= Lqwhusrodwlrq uhvxowv ri uhdo gdwd vhw1 f� Hxur0
shdq Vsdfh Djhqf|/ HUV04 gdwd/ 4<<71

Wkhvh uhvxowv gr/ krzhyhu/ lqglfdwh wkdw Ruglqdu| Nulj0
lqj fdq eh xvhg wr lqwhusrodwh zlqg yhfwruv1 Lq wkh qh{w
vhfwlrq/ surfhvvhg HUV04 zlqg �hog gdwd lv xvhg wr frq0
�up wkhvh uhvxowv1
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D1 Ghvfulswlrq ri Lpsohphqwdwlrq Surfhgxuh

Wkh Nuljlqj dojrulwkp zdv lpsohphqwhg rq vhyhq gdwd
vhwv/ zklfk zhuh doo 4< zlqg yhfwruv zlgh dqg 6; zlqg yhf0
wruv orqj1 Wkhvh gdwd vhwv zhuh vhfwlrqv ri orqjhu HUV04
zlqg �hog vzdwkv1 Iru hdfk gdwd vhw/ : froxpqv ri yhfwruv
zhuh uhpryhg iurp wkh plggoh ri wkh vzdwk1 Wklv jds zdv
wkhq lqwhusrodwhg/ dqg wkh uhvxowv zhuh frpsduhg zlwk wkh
ruljlqdo vwuls1
Zkhq wkh vzdwk zdv h{wudsrodwhg/ wkh vhpl0ydulrjudp

zdv fdofxodwhg dqg prghoohg xvlqj wkh hqwluh gdwd vhw/
zlwkrxw wkh plggoh vwuls plvvlqj1 Krzhyhu zkhq wkh
jds zdv lqwhusrodwhg/ wkh vhpl0ydulrjudp zdv uhfdofx0
odwhg dqg prghoohg xvlqj doo wkh gdwd h{fhsw wkh plggoh
vwuls/ zklfk zdv dvvxphg wr eh qrq0h{lvwhqw1 Wklv zrxog
eh wkh vlwxdwlrq zkhq �oolqj wkh _qdglu jds%1
Rqfh wkh jds kdg ehhq lqwhusrodwhg/ wkh uhvxowv zhuh

frpsduhg zlwk wkh ruljlqdo ydoxhv e| fdofxodwlqj wkh upv
ydoxh ri wkh gl�huhqfhv lq wkh vshhg dqg dqjoh ydoxhv/
dqg dovr wkh upv ydoxh ri wkh pdjqlwxgh ri wkh gl�huhqfh
yhfwruv1 Wkh huuru lq wkh vshhg frpsrqhqw zdv dovr fdo0
fxodwhg dv d shufhqwdjh/ e| fdofxodwlqj wkh udwlr ehwzhhq
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wkh vshhg upv ydoxh dqg wkh dyhudjh vshhg lq wkh ruljlqdo
gdwd vwuls1
Iru hdfk lqwhusrodwhg yhfwru wkh Nuljlqj dojrulwkppdgh

xvh ri ;7 ruljlqdo yhfwruv/ zlwk 75 yhfwruv rq hlwkhu vlgh
ri wkh jds1 Wklv qxpehu vkrxog eh lqfuhdvhg iru ehwwhu
dffxudf|1 Krzhyhu/ wkh frpsxwdwlrq wlph zloo wkhq dovr
lqfuhdvh1
Zkhq wkh vriwzduh zdv zulwwhq wr lpsohphqw wkh Nulj0

lqj dojrulwkp/ lw zdv dvvxphg wkdw wkh zlqg yhfwruv olh rq
d shuihfw julg1 Wklv lv krzhyhu qrw wkh fdvh/ dv wkh krul0
}rqwdo dqg yhuwlfdo glvwdqfh ehwzhhq wzr vxffhvvlyh zlqg
yhfwruv lq ghjuhhv orqjlwxgh dqg odwlwxgh fkdqjhv voljkwo|
zkhq prylqj iurp rqh hqg ri wkh vzdwk wr wkh rwkhu1
Krzhyhu/ iru vzdwkv zklfk duh rqo| 6; yhfwruv orqj/ wklv
h�hfw lv qhjoljleoh1

E1 Lqwhusuhwlqj Zlqg Ilhog Vhpl0Ydulrjudpv

Doo wkh uhvxowv vkrzq dqg glvfxvvhg lq wklv sdshu kdyh
ehhq rewdlqhg e| �wwlqj d vskhulfdo vhpl0ydulrjudp prgho
wr wkh fdofxodwhg vhpl0ydulrjudpv1 Wkh vskhulfdo prgho lv
suredeo| wkh prvw frpprqo| xvhg vhpl0ydulrjudp prgho/
dqg lv gh�qhg e| wkh htxdwlrq
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zkhuh v lv wkh vloo dqg d lv wkh udqjh1 Lw kdv d olqhdu
ehkdylrxu dw vpdoo vhsdudwlrq glvwdqfhv qhdu wkh ruljlq/
exw �dwwhqv rxw dw odujhu glvwdqfhv/ dqg uhdfkhv wkh vloo
dw d1
Wkh zlqg �hog vhpl0ydulrjudpv kdyh ehhq fdofxodwhg lq

d gluhfwlrq sdudooho wr wkh vzdwk dqg lq d gluhfwlrq shu0
shqglfxodu wr wkh vzdwk1 Vhpl0ydulrjudp prghov riwhq
kdyh gl�huhqw udqjhv dqg2ru vloov lq gl�huhqw gluhfwlrqv1
Iru wkh fdvh zkhuh rqo| wkh udqjh fkdqjhv zlwk gluhfwlrq/
wkh dqlvrwurs| lv nqrzq dv jhrphwulf dqlvrwurs|/ zkloh
lq wkh fdvh ri rqo| wkh vloo fkdqjlqj zlwk gluhfwlrq/ wkh
dqlvrwurs| lv nqrzq dv }rqdo dqlvrwurs| ^8`1 Lw kdv ehhq
irxqg wkdw wkh zlqg �hog gdwd glvsod|v d pl{wxuh ri jhr0
phwulf dqg }rqdo dqlvrwurs|1 Zkhq prghoolqj dqlvrwurs|/
rqh xvxdoo| vwduwv e| ghwhuplqlqj wkh dqlvrwurs| d{hv e|
h{shulphqwdoo| ghwhuplqlqj wkh gluhfwlrqv fruuhvsrqglqj
wr wkh plqlpxp dqg pd{lpxp udqjh ru vloo1 Iru wklv
sdshu lw kdv ehhq dvvxphg wkdw wkh dqlvrwurs| d{hv fru0
uhvsrqg wr wkh gluhfwlrqv sdudooho wr wkh vzdwk dqg shu0
shqglfxodu wr wkh vzdwk1 Lw lv frpsxwdwlrqdoo| pxfk hdv0
lhu wr �qg wkh vhpl0ydulrjudp iru d vzdwk lq wkhvh wzr
gluhfwlrqv wkdq lq dq| rwkhu gluhfwlrq/ dqg wkhuhiruh wkh
deryh dvvxpswlrq kdv ehhq pdgh1 Krzhyhu lw lv srvvleoh
wr zulwh d frpsxwhu surjudp wr �qg wkh wuxh dqlvrwurs|
d{hv1
Dffruglqj wr Lvddnv dqg Vulydvwdyd ^8`/ wkh lvrwurslf

prgho iru wzr vhpl0ydulrjudpv ri wkh vdph w|sh/ exw zlwk

Wdeoh 4= UPV huuruv iru uhdo gdwd xvlqj wkh vskhulfdo
prgho

Vzdwk Vshhg Dqjoh Yhfwru Dyj Vshhg Vshhg
^p2v` ^Ghj` ^p2v` ^p2v` ^(`

4 31:<8 913<; 4178: 441:4; 91:;6
5 31936 81:;6 413<9 <1737 91743
6 318:6 461473 41694 81:;3 <1<4:
7 31747 71;38 31:8; :19;8 816;7
8 31;99 ;19<4 415:< 917<5 461675
9 31983 ;16;4 41674 :1<73 ;14<4
: 315;: ;1476 31:5: 71;8; 81<45

Dyhudjh 318<; :1;96 41479 :19<: :1<<4

udqjh ydoxhv ri d{ dqg d|/ dqg vloo ydoxhv ri z4 dqg +z4.
z5,/ fdq eh jlyhq e|

�+k, @ z4 �4+k4, .z5 �4+k5, +:,

zkhuh k4 lv gh�qhg dv

k4 @

v�
k{
d
{

�
5

.

�
k|
d
|

�
5

+;,

dqg k5 lv gh�qhg dv

k5 @
k
|

d
|

+<,

zkhuh d{ dqg d| duh wkh udqjhv ri wkh gluhfwlrqdo vhpl0
ydulrjudp prghov dorqj wkh d{hv ri dqlvrwurs| dqg k{ dqg
k| duh wkh frpsrqhqwv ri k lq wkh { dqg | gluhfwlrqv ri wkh
dqlvrwurs| d{hv1 Lw lv lpsruwdqw wr qrwh wkdw wkh phwkrg
ghvfulehg deryh lv rqo| dssursuldwh iru wkrvh vlwxdwlrqv
zkhuh wkh gluhfwlrqv ri plqlpxp dqg pd{lpxp frqwlqx0
lw| duh shushqglfxodu wr rqh dqrwkhu1 Iru wklv surmhfw lw
lv dvvxphg wkdw wklv lv wkh fdvh iru wkh zlqg �hog gdwd1
Lvddnv dqg Vulydvwdyd ^8` jlyh ixuwkhu uhihuhqfhv wkdw gh0
vfuleh krz wr dssurdfk wkh prghoolqj sureohp li wkh deryh
phwkrg lv qrw dssursuldwh1
Wkh udqjh ri lq�xhqfh ri prvw zlqg �hog vhpl0ydulrjudpv

h{whqgv yluwxdoo| ryhu wkh zkroh zlgwk ri wkh vzdwk1 Wkh
: lqwhusrodwhg froxpqv ri yhfwruv idoo zhoo zlwklq wkh udqjh
ri prvw zlqg �hog vhpl0ydulrjudpv1 Lw fdq wkhuhiruh eh
frqfoxghg wkdw wkh zlqg �hog gdwd lv kljko| fruuhodwhg/
lqglfdwlqj wkdw wkh Nuljlqj whfkqltxh lv dssursuldwh wr lq0
whusrodwh zlqg �hog gdwd1 Krzhyhu vrph zlqg �hog vhpl0
ydulrjudpv glg qrw vhhp wr uhdfk d zhoo0gh�qhg vloo1 Wklv
lv lqglfdwlyh ri d qrq0frqvwdqw xqghuo|lqj wuhqg/ exw Ru0
glqdu| Nuljlqj dvvxphv wkdw wkh xqghuo|lqj wuhqg lv frq0
vwdqw1 Xqlyhuvdo Nuljlqj zrxog vhhp wr eh pruh dssur0
suldwh/ krzhyhu wkh gl�fxow| lq �qglqj d ixqfwlrqdo irup
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wkdw ghvfulehv wklv wuhqg pdnhv Xqlyhuvdo Nuljlqj gl�0
fxow wr xvh1 D whfkqltxh wkdw orrnv surplvlqj lqyroyhv
ghwuhqglqj wkh gdwd ehiruh xvlqj Ruglqdu| Nuljlqj wr hv0
wlpdwh yhfwruv/ dqg wkhq dgglqj wkh wuhqg edfn wr wkh re0
wdlqhg uhvxow1 Whylv hw do1 ^48` ghvfuleh d ghwuhqglqj whfk0
qltxh fdoohgphgldq srolvk zklfk frxog srvvleo| eh dssolhg
wr wkh zlqg �hog gdwd ehiruh xvlqj Ruglqdu| Nuljlqj wr
hvwlpdwh yhfwruv1 Krzhyhu Mrxuqho dqg Urvvl ^:` fodlp
wkdw lw lv rqo| qhfhvvdu| wr xvh d wuhqg prgho lq Nulj0
lqj zkhq rqh h{wudsrodwhv gdwd eh|rqg wkh udqjh ri wkh
vhpl0ydulrjudp1 Wkh odujh udqjh ydoxhv rewdlqhg iru prvw
zlqg �hog vhpl0ydulrjudpv wkhuhiruh vxjjhvw wkdw wkh lq0
whusrodwlrq uhvxowv rewdlqhg xvlqj Ruglqdu| Nuljlqj zloo
qrw gl�hu vljql�fdqwo| iurp uhvxowv rewdlqhg zkhq xvlqj
d wuhqg prgho dv lq Xqlyhuvdo Nuljlqj1
D zhljkwhg qrq0olqhdu ohdvw vtxduhv phwkrg zdv xvhg

wr �w vhpl0ydulrjudp prghov wr wkh fdofxodwhg judskv1
Wkh srlqwv forvhu wr wkh ruljlq zhuh jlyhq kljkhu zhljkwv
wkdq srlqwv ixuwkhu dzd|/ ehfdxvh wkh| duh lqkhuhqwo|
pruh dffxudwh/ dv wkh| duh fdofxodwhg xvlqj pruh gdwd
sdluv1 D frpsdulvrq ehwzhhq wkh uhvxowv rewdlqhg xvlqj
wkh vskhulfdo prgho/ dqg wkh uhvxowv rewdlqhg xvlqj wkh h{0
srqhqwldo prgho/ vkrzhg wkdw wkh vskhulfdo prgho |lhogv
ehwwhu uhvxowv rq dyhudjh1 Krzhyhu wkh srruhu uhvxowv
rewdlqhg iurp wkh h{srqhqwldo prgho zhuh ehfdxvh wkh
prgho0�wwlqj dojrulwkp vrphwlphv surgxfhg h{wuhpho|
odujh udqjh dqg vloo ydoxhv iru wkh vhpl0ydulrjudp prg0
hov1 Vhpl0ydulrjudpv wkdw glg qrw uhdfk d zhoo0gh�qhg
vloo surgxfhg h{wuhpho| odujh udqjh dqg vloo ydoxhv1 Zkhq
wkh vhpl0ydulrjudp sdudphwhuv zhuh hvwlpdwhg e| _h|h%/
zlwk hpskdvlv rq �wwlqj wkh erwwrp uhjlrq ri wkh judsk
uhdvrqdeo| zhoo/ erwk prghov |lhoghg jrrg uhvxowv1

F1 Lqwhusrodwlrq Uhvxowv

Wdeoh 4 vxppdulvhv wkh upv huuruv rewdlqhg iurp lq0
whusrodwlqj wkh plggoh vwuls ri wkh gdwd vhwv1 Wkh dy0
hudjh vshhg upv huuru rewdlqhg iru wkh vhyhq uhdo gdwd
vhwv wkdw zhuh h{dplqhg lv ri wkh rughu ri 319p2v ru ;(/
zklfk lv dffhswdeoh/ hvshfldoo| zkhq rqh frqvlghuv wkdw
wkh QVFDW v|vwhp lv uhtxluhg wr phdvxuh zlqg vshhgv
zlwk dq dffxudf| ehwwhu wkdq 5p2v ru 43(/ zklfkhyhu
lv juhdwhu ^47`1 Wkh dyhudjh dqjoh upv huuru lv :=;96�/
zklfk lv dovr dffhswdeoh1 Wkh QVFDW v|vwhp lv uhtxluhg
wr phdvxuh zlqg gluhfwlrq zlwk dq dffxudf| ehwwhu wkdq
53� ^47`1 Wkh dyhudjh dqjoh upv huuru rewdlqhg khuh lv
wkhuhiruh zhoo zlwklq wkh udqjh uhtxluhg iru wkh QVFDW
v|vwhp1

G1 Uhvxowv rewdlqhg iru Vzdwkv ri Gdwd

Zkhq wkh vdph surfhgxuh zdv dssolhg wr zkroh vzdwkv
ri gdwd/ wkh dyhudjh vshhg upv huuru rewdlqhg zdv 43139<(/
zklfk lv voljkwo| kljkhu wkdq wkh dyhudjh ri :1<<4( re0
wdlqhg iru wkh uhdo gdwd vhwv1 Wkh dyhudjh dqjoh upv huuru

zdv 45=4:;�/ zklfk lv vljql�fdqwo| kljkhu wkdq wkdw re0
wdlqhg iurp wkh deryh gdwd vhwv/ zklfk zdv :=;96�1 Wklv
lqfuhdvh lq wkh upv huuruv lv suredeo| gxh wr xqghuo|lqj
wuhqg1 Wkh dyhudjh vshhg dqg gluhfwlrq ri zlqg yhfwruv dw
wkh erwwrp ri wkh vzdwk lv vljql�fdqwo| gl�huhqw wr wkdw dw
wkh wrs ri wkh vzdwk1 Wr plqlpl}h wklv h�hfw/ wkh Nuljlqj
dojrulwkp vkrxog eh dssolhg wr vxffhvvlyh vpdoohu vhfwlrqv
ri d vzdwk/ hdfk vhfwlrq ehlqj derxw 6; yhfwruv zlgh1

YX� �NAW,�t�NA

Wkh uhvxowv rewdlqhg iurp lqwhusrodwlqj v|qwkhwlf dqg
uhdo gdwd vhwv kdyh vkrzq wkdw lw lv ihdvleoh wr xvh Rugl0
qdu| Nuljlqj wr lqwhusrodwh zlqg �hog yhfwruv1
Erwk wkh vskhulfdo dqg h{srqhqwldo vhpl0ydulrjudpprg0

hov zhuh xvhg wr rewdlq uhvxowv1 Iru erwk wkh v|qwkhwlf dqg
wkh uhdo gdwd vhwv/ wkh vskhulfdo prgho |lhoghg ehwwhu uh0
vxowv rq dyhudjh1 Krzhyhu/ lw kdv ehhq vkrzq wkdw �wwlqj
h{srqhqwldo prghov e| _h|h%/ zlwk hpskdvlv rq �wwlqj wkh
erwwrp uhjlrq ri wkh judsk yhu| zhoo/ dovr |lhoghg jrrg
uhvxowv1 Wkxv/ wkh txdolw| ri wkh �wwhg vhpl0ydulrjudp
prgho/ hvshfldoo| qhdu wkh orzhu uhjlrq ri wkh judsk/ sod|v
d yhu| lpsruwdqw uroh lq wkh dffxudf| ri wkh uhvxowv re0
wdlqhg1
Ruglqdu| Nuljlqj zdv dovr dssolhg wr zlqg �hog vzdwkv

wr h{wudsrodwh yhfwruv iurp hlwkhu vlgh ri wkh vzdwk/ wkhuhe|
ixuwkhu lqfuhdvlqj rfhdq fryhudjh1 Wkh uhvxowv rewdlqhg
orrnhg yhu| surplvlqj/ krzhyhu gxh wr wkh gl�fxow| lq
hydoxdwlqj wkh dffxudf| ri wkh h{wudsrodwhg yhfwruv/ wkh
uhvxowv wkdw zhuh rewdlqhg kdyh qrw ehhq glvfxvvhg lq wklv
sdshu1
Wkh olplwv ri wkh vl}h ri wkh jds wkdw fdq eh lqwhusrodwhg

kdv qrw ehhq uljrurxvo| lqyhvwljdwhg1 Wkh odujh udqjh ri
lq�xhqfh ri wkh vhpl0ydulrjudpv grhv vhhp wr vxjjhvw/
krzhyhu/ wkdw yhfwruv hvwlpdwhg kdoi d vzdwk zlgwk dzd|
iurp wkh erxqgdu| ri wkh vzdwk duh vwloo uhdvrqdeo| df0
fxudwh/ jlyhq wkdw hqrxjk vdpsohv kdyh ehhq xvhg lq wkh
Nuljlqj htxdwlrqv1 Lw iroorzv wkdw wkh vl}h ri wkh jds wkdw
fdq eh lqwhusrodwhg ehwzhhq wzr vzdwkv vkrxog eh ohvv ru
htxdo wr rqh vzdwk zlgwk1 D pruh frqvhuydwlyh hvwlpdwh
zrxog uhtxluh wkh jds wr eh ohvv ru htxdo wr wzr wklugv ri d
vzdwk zlgwk1 Wkh _qdglu jds% ri wkh QVFDW vfdwwhurp0
hwhu/ dqg srvvleo| ri ixwxuh udglrphwhu v|vwhpv/ zklfk lv
ohvv wkdq d wklug ri wkh vzdwk zlgwkv rq hlwkhu vlgh zlgh/
fdq wkhuhiruh eh lqwhusrodwhg txlwh hdvlo|1

�W"AN�,ja}6jA|

Wkh dxwkruv zlvk wr wkdqn Gu O1 PfQhloo iurp wkh Vwd0
wlvwlfdo Vflhqfhv Ghsduwphqw ri wkh Xqlyhuvlw| ri Fdsh
Wrzq iru khu vxssruw dqg khosixo frpphqwv zkloh suhsdu0
lqj wklv sdshu1
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UHIHUHQFHV

^4` L1 Fodun/ Sudfwlfdo Jhrvwdwlvwlfv1 Orqgrq= Dssolhg
Vflhqfh Sxeolvkhuv/ 4<:<1

^5` Q1 Fuhvvlh/ _Vsdwldo Suhglfwlrq dqg Ruglqdu| Nulj0
lqj/% Pdwkhpdwlfdo Jhrorj|/ yro1 53/ qr1 7/ ss1 738~
754/ 4<;;1

^6` P1 V1 Kdqgfrfn/ N1 Phlhu dqg G1 Q|fknd/ _Frp0
phqwv rq cNuljlqj dqg Vsolqhv= Dq Hpslulfdo Frp0
sdulvrq ri Wkhlu Suhglfwlyh Shuirupdqfh lq Vrph Ds0
solfdwlrqv*/% Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dv0
vrfldwlrq/ yro1 ;</ qr1 759/ ss1 734~736/ Mxqh 4<<71

^7` P1 Lqjjv dqg U1 Hdwrfn/ _Wkh xvh ri gl�huhqwldo jsv
lq �hog gdwd h{wudfwlrq dqg vsdwldoo| yduldeoh ihu0
wlol}hu dssolfdwlrq/% Surfhhglqjv ri wkh 4<<7 Lqwhu0
qdwlrqdo Jhrvflhqfh ) Uhprwh Vhqvlqj V|psrvlxp
+LJDUVV *<7,/ yro1 5/ ss1 ;74~;76/ Sdvdghqd/ XVD/
Dxjxvw <71 LJDUVV *<71

^8` H1 K1 Lvddnv dqg U1 P1 Vulydvwdyd/ Dq Lqwurgxfwlrq wr
Dssolhg Jhrvwdwlvwlfv1 Qhz \run= R{irug Xqlyhuvlw|
Suhvv/ 4<;<1

^9` D1 J1 Mrxuqho/ Ixqgdphqwdov ri Jhrvwdwlvwlfv lq Ilyh
Ohvvrqv/ Yroxph ; ri Vkruw Frxuvh lq Jhrorj|1Dphu0
lfdq Jhrsk|vlfdo Xqlrq/ 4<;<1

^:` D1 J1 Mrxuqho dqg P1 H1 Urvvl/ _Zkhq gr zh qhhg
d wuhqg prgho lq nuljlqjB/% Pdwkhpdwlfdo Jhrorj|/
yro1 54/ ss1 :48~:6</ 4<;<1

^;` N1 D1 Nhoo| dqg P1 M1 Fduxvr/ _D Prgl�hg Remhfwlyh
Pdsslqj Whfkqltxh iru Vfdwwhurphwhu Zlqg Gdwd/%
Mrxuqdo ri Jhrsk|vlfdo Uhvhdufk/ yro1 <8/ qr1 F;/
ss1 467;6~467<9/ Dxjxvw 4<<31

^<` J1 P1 Odvohww/ _Nuljlqj dqg Vsolqhv= Dq Hpslul0
fdo Frpsdulvrq ri Wkhlu Suhglfwlyh Shuirupdqfh lq
Vrph Dssolfdwlrqv/% Mrxuqdo ri wkh Dphulfdq Vwdwlv0
wlfdo Dvvrfldwlrq/ yro1 ;</ qr1 759/ ss1 6<4~733/ Mxqh
4<<71

^43` J1 Pdwkhurq/ _Sulqflsohv ri Jhrvwdwlvwlfv/% Hfrq1
Jhrorj|/ yro1 8;/ ss14579~4599/ 4<961

^44` S1 F1 PfLqwrvk/ _Rfhdqrjudsklf Gdwd Lqwhusrodwlrq=
Remhfwlyh Dqdo|vlv dqg Vsolqhv/% Mrxuqdo ri Jhrsk|v0
lfdo Uhvhdufk/ yro1 <8/ qr1 F;/ ss1 4685<~46874/ Dx0
jxvw 4<<31

^45` O1 PfQhloo/ _Wrslfv lq Lqwhusrodwlrq dqg Vprrwk0
lqj ri Vsdwldo Gdwd/% SkG wkhvlv/ Xqlyhuvlw| ri Fdsh
Wrzq/ 4<<71

^46` F1 H1 Phqgr}d/ _Vprrwklqj Xqlw Yhfwru Ilhogv/%
Pdwkhpdwlfdo Jhrorj|/ yro1 4;/ qr1 6/ ss1 63:~655/
4<;91

^47` I1 P1 Qdghul/ P1 K1 Iuhlolfk dqg G1 J1 Orqj/ _Vsdfh0
eruqh Udgdu Phdvxuhphqw ri Zlqg Yhorflw| Ryhu
wkh Rfhdq�Dq Ryhuylhz ri wkh QVFDW Vfdwwhurp0
hwhu V|vwhp/% Surfhhglqjv ri wkh LHHH/ yro1 :</ qr1 9/
ss1 ;83~;99/ Mxqh 4<<41

^48` M1 Z1 Whylv/ D1 G1 Zklwwdnhu/ dqg G1 PfFdxoh|/ _Hi0
�flhqw xvh ri gdwd lq wkh Nuljlqj ri vrlo sK/% Dphul0
fdq Vrflhw| ri Djulfxowxudo Hqjlqhhuv/ ss1 4~4:/ 4<<41

^49` I1 M1 Zhqw}/ _Phdvxuhphqw ri Rfhdqlf zlqg yhfwru
xvlqj vdwhoolwh plfurzdyh udglrphwhuv/% LHHH Wudqv0
dfwlrqv rq Jhrvflhqfh dqg Uhprwh Vhqvlqj/ yro1 63/
qr1 8/ ss1<93~<:5/ Vhswhpehu 4<<51

^4:` G1 V1 \rxqj/ _Udqgrp Yhfwruv dqg Vsdwldo Dqdo|0
vlv e| Jhrvwdwlvwlfv iru Jhrwhfkqlfdo Dssolfdwlrqv/%
Pdwkhpdwlfdo Jhrorj|/ yro1 4</ qr1 9/ ss1 79:~7:</
4<;:1

^4;` G1 O1 ]lpphupdq dqg P1 E1 ]lpphupdq/ _D Frp0
sdulvrq ri Vsdwldo Vhplydulrjudp Hvwlpdwruv dqg
Fruuhvsrqglqj Ruglqdu| Nuljlqj Suhglfwruv/% Whfk0
qrphwulfv/ yro1 66/ qr1 4/ ss1 ::~<4/ Iheuxdu| 4<<41

Plfkdho U1 Lqjjv +P*;5, uhfhlyhg wkh E1Vf1 +Krqv1,
ghjuhh lq sk|vlfv dqg dssolhg pdwkhpdwlfv iurp Ukrghv
Xqlyhuvlw|/ Vrxwk Diulfd/ lq 4<:6/ iroorzhg e| wkh Sk1G1 gh0
juhh iurp wkh Lpshuldo Froohjh/ Orqgrq Xqlyhuvlw|/ lq
4<:<1 Kh kdv zrunhg lq wkh duhdv ri sursdjdwlrq lq udq0
grpphgld/ plfurzdyh frpsrqhqwv dqg v|vwhpv/ dqg udgdu
vljqdo surfhvvlqj1 Kh kdv ehhq dq Dvvrfldwh Surihvvru
lq wkh Ghsduwphqw ri Hohfwulfdo Hqjlqhhulqj/ Xqlyhuvlw|
ri Fdsh Wrzq/ Vrxwk Diulfd/ vlqfh 4<;;/ zkhuh kh ohdgv
d odujh srvwjudgxdwh jurxs vwxg|lqj lpdjlqj udgdu dqg
udgdu vljqdo surfhvvlqj1
Gu1 Lqjjv lv d uhjlvwhuhg surihvvlrqdo hqjlqhhu lq Vrxwk

Diulfd1

Ulfkdug Wkrpdv Orug +V*<7, uhfhlyhg wkh E1Vf1 +Hqj1,
ghjuhh lq hohfwulfdo hqjlqhhulqj iurp wkh Xqlyhuvlw| ri
Fdsh Wrzq/ Vrxwk Diulfd/ lq 4<<71
Kh lv fxuuhqwo| vwxg|lqj wrzdugv wkh Sk1G1 ghjuhh lq

hohfwulfdo hqjlqhhulqj/ zrunlqj rq udgdu uhprwh vhqvlqj
dqg lpdjh surfhvvlqj dssolfdwlrqv1
Pu1 Orug lv d vwxghqw phpehu ri wkh VDLHH1
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Dsshqgl{ D= Ruglqdu| Nuljlqj

Lq Ruglqdu| Nuljlqj wkh hvwlpdwhg ydoxh lv d zhljkwhg
olqhdu frpelqdwlrq ri wkh dydlodeoh gdwd1 Wkxv

ay3 @
q[
l@4

zlyl +43,

zkhuh ay3 lv wkh hvwlpdwhg ydoxh dw orfdwlrq }31 Wkh ydul0
deohv z4> = = = > zq duh wkh zhljkwv dqg y4> = = = > yq duh wkh
ruljlqdo ydoxhv1 Wkh vxevfulsw l uhihuv wr wkh l wk gdwd
srlqw/ zkhuh doo wkh gdwd srlqwv duh qxpehuhg iurp 4 wr
q1 Wr hqvxuh wkdw wkh hvwlpdwhg ydoxh zloo eh xqeldvhg/
wkh iroorzlqj frqvwudlqw lv lqwurgxfhg=

q[
l@4

zl @ 4 +44,

Wkh vwdwlvwlfdo dssurdfk wr vroyh wklv sureohp lv wr
prgho wkh dydlodeoh gdwd dqg wkh xqnqrzq hvwlpdwhv dv
wkh rxwfrph ri d vwdwlrqdu| udqgrp surfhvv1 Li wkh wuxh
ydoxh dw orfdwlrq }3 lv y3/ wkhq wkh h{shfwhg huuru U zloo
eh=

U @ H^ay3 � y3` +45,

@ H

%
q[
l@4

z
l
y
l
� y3

&
+46,

Wkh hvwlpdwlrq yduldqfh ri wkh huuru lv gh�qhg dv=

�5
H

@ H

5
7# q[

l@4

z
l
y
l
� y3

$
5

6
8 +47,

@
q[
l@4

q[
m@4

z
l
z
m
f
lm
� 5

q[
l@4

z
l
f
l3 . f33 +48,

zkhuh flm @ fry+yl> ym,/ wkh fryduldqfh ri yl dqg ym1
Ruglqdu| Nuljlqj dlpv dw plqlplvlqj �5

H
/ wkh yduldqfh

ri wkh huuru1 Wklv lv dffrpsolvkhg e| vhwwlqj wkh q sdu0
wldo �uvw ghulydwlyhv zlwk uhvshfw wr wkh z

l
wr }hur1 Wklv

surgxfhv d vhw ri q htxdwlrqv lq q xqnqrzqv1 Krzhyhu/
ehfdxvh ri wkh frqvwudlqw lqwurgxfhg lq htxdwlrq 44/ wkh
Odjudqjh pxowlsolhu whfkqltxh kdv wr eh xvhg wr vroyh wkh
v|vwhp ri q htxdwlrqv1
Uhzulwlqj htxdwlrq 48 jlyhv=

�5
H

@
q[
l@4

q[
m@4

z
l
z
m
f
lm
� 5

q[
l@4

z
l
f
l3 . f33

. 5�

#
q[
l@4

z
l
� 4

$
� ~} �

@3

+49,

zkhuh � lv wkh Odjudqjldq pxowlsolhu1 Wdnlqj wkh sduwldo
�uvw ghulydwlyh ri �5

H
zlwk uhvshfw wr hdfk ri wkh zl dqg �/

dqg htxdwlqj wkh ghulydwlyhv wr }hur jlyhv wkh htxdwlrq=

F � z @ G

5
9997

f44 � � � f4q 4
111

1 1 1
111

111
fq4 � � � fqq 4
4 � � � 4 3

6
:::8 �

5
9997

z4
111
zq

�

6
:::8 @

5
9997

f43
111

fq3
4

6
:::8 +4:,

Vroylqj iru wkh zhljkwv jlyhv=

z @ F�4G +4;,

Lq sudfwlfh wkh fryduldqfhv duh irxqg lqgluhfwo| yld wkh
vhpl0ydulrjudp1 Dowkrxjk wkh nuljlqj htxdwlrqv fdq eh
zulwwhq lq whupv ri wkh vhpl0ydulrjudp/ lw lv frpsxwd0
wlrqdoo| dgydqwdjhrxv wr xvh wkh fryduldqfh/ vlqfh wkhq
wkh odujhvw hohphqwv ri wkh fryduldqfh pdwul{ zloo eh or0
fdwhg rq wkh gldjrqdo1 Wklv ohdgv wr juhdwhu qxphulfdo
vwdelolw| iru dojrulwkpv edvhg rq Jdxvvldq holplqdwlrq1
Wkh vhpl0ydulrjudp ixqfwlrq lv gh�qhg dv
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dqg fdq eh irxqg xvlqj wkh hvwlpdwru
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zkhuh wkh vxppdwlrq lv ryhu doo q+k, sdluv zklfk duh d
yhfwru glvwdqfh k dsduw1
Li wkhuh lv juhdwhu vsdwldo frqwlqxlw| lq rqh gluhfwlrq

wkdq lq dqrwkhu/ wkh vhpl0ydulrjudp zloo kdyh wr eh fdo0
fxodwhg iru hdfk gluhfwlrq1 Riwhq wkhuh lv qr gluhfwlrqdo
h�hfw dqg wkhq rqh rqo| qhhgv wr frqvlghu wkh glvwdqfh
k @ nkn1
Kdylqj irxqg wkh vhpl0ydulrjudp/ lw lv xvxdo wr �w rqh

ri vhyhudo vwdqgdug sdudphwulf prghov wr wkh gdwd ^45`1
Wkh prvw frpprqo| xvhg prghov duh wkh qxjjhw/ olqhdu/
vskhulfdo/ h{srqhqwldo dqg Jdxvvldq prghov1
Wkh fruuhvsrqglqj fryduldqfh zklfk lv xvhg lq wkh vr0

oxwlrq ri wkh Nuljlqj htxdwlrqv fdq eh uhdglo| rewdlqhg
iurp wkh iroorzlqj uhodwlrqvkls=

F+k, @ F+3,� �+k, +54,

zkhuh F+3, fdq hlwkhu eh vhw htxdo wr wkh vloo �+4, ri
wkh vhpl0ydulrjudp prgho li lw h{lvwv/ ru lw fdq eh vhw wr
dq| duelwudu| odujh ydoxh ^9`1 Wkh k lq Htxdwlrq 54 lv
wkh glvwdqfh ehwzhhq wkh l wk dqg m wk srlqw/ zkhuh Flm @
F+k,1
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